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For a general filter G(r, x) satisfying the normalization condition Eq. (13.2), the filtered
density function (Pope 1990) is defined by

T(Vixt)=[G(rx)s[U(x—rt)-V]dr (1)
Obtain the results
U=[VT(Vixt)dv )
UU; = [V, T (Vixt)d (3)
_[( ~U; )( )?(V;x,t)dv (4)

where integration is over all V; and U, UU,, and 7 are evaluated at x, t. Show

that f satisfies the normalization condition Eq. (12.1) and that, if the filter is
everywhere non-negative, then f is also non-negative, and hence has the properties
of a joint PDF. Argue that, for such positive filters, the residual stress ri? is positive

semi-definite (Gao and O’Brien 1993). Use similar reasoning to show that Lj and
R{ (Egs. (13.100) and (13.102)) are also positive semi-definite for positive filters.

Solution

J'T(V;x,t)dv z”G(r,x)5[U(x—r,t)—V]drdV
= [G(r.x)[s[U(x-rt)-V]dvdr
:IG(r,x)dr
=1

(5)

This means the filtered density function satisfies the normalization condition. If G(r, X)
is non-negative, from Eq. (1) it is clear that f isalso non-negative.



[VE(Vixt)dV = [V[G(r,x)5[U(x~r,t)-V]drdV
=[G (r,x) [ Vo[ U(x=r,t)-V]dvdr

:jG(r,x)U(x—r,t)dr ©)
=U(xt)

Vv, T (Vixt)dV = [V, [G(r,x)s[U(x-r,t)-V |drdv
= [G(r,x) [Viv;6[ U(x-r,t) -V ]dvdr -

:IG(r,x)Ui (x=r,t)U;(x-r,t)dr

=Ui(X,t)Uj(X,t)

(Vv -0 =0V, +UU ) T (Vixt)dv
VT (Vix)dv=Ui [V T (Vix t)dv+UiU [ T (Vixt)dv - (8)

o =UU, -UiU; .
= WV T (Vix t)dv = [V F(Vix t)dVv [V, £ (Vixt)dv ©
For arbitrary vector Y, and let A(V) =YV
Y, =YY, (UU; -UU;)
—ijjvv?v t)dv -y, [V, T (Vix t)adVv [V, T (Vixt)dv
= [YVYV T (Vix)dV = [YV T (Vix ) dv YV, T (Vixt)dv
= [ (V) T(Vix)dV - [A(V ?(vXtdvjA V)T (Vixt)dV
=[f vXt)dvjAZ(v) (Vix t)dv = [A(V) F(Vix t)dV [ A(V) f (Vix t)dV

(jA T(Vixt)d ) ~[A(V) vXtdvjA T(Vixt)dv

(10)



where the inequality marked by * is the direct result of the Cauchy-Schwarz inequality*

and the fact that f is positive

F(Vixt)dV[ A% (V)T (V;xt)dV
[T JA (V)T (Vixt)

I[m} av| Av T(V;x,t)T dv

[ (V;x1)A(V) ?(V;x,t)dv}2 "

\%

= [A(V) T (Vix t)dV[ A(V) T (Vix,t)dV

This derivation is inspired by my colleague DONG Bing <dongbing@sjtu.edu.cn>.

As for Leonard stresses L, we can define a new filtered density function

fL(V;x,t)EIG(r,x)5[U(x—r,t)—V]dr (12)
Then

[V (Vixt)dv =[V[G(r,x)5[U(x-r,t)-V |drdv
=jG(r,x)jV&[U(x—r,t)—V}dVdr )
= jG(r,x)U(x—r,t)dr

=U(x.t)

Here we have two pairs of analogies with ' to T and ﬁ to U. If we take U to

be a general random process B, then Eq. (10) tells us that a tensor defined by

BB, -BiBj =UU, -UiU; is positive semi-definite. Since L‘i]. is defined to be

'

LS :Uin—ﬁiﬁj (14)

And if we take U to be the general random process B, then L must be semi-definite
due to the same reason expressed by Eq. (10).

! https://en.wikipedia.org/wiki/Cauchy%E2%80%93Schwarz_inequality



Because the SGS Reynolds stresses are defined in the same way of L;
RY =u/u’ —u'iu; (15)

And we take u’ as the general random process B, then R is also semi-definite.



